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AN INVESTIGATIONBY THEHODOGRAPHMETHODOFFLOW

THROUGHA SYMMETRICALNOZZLEWITH

LOCALLYSUPERSONICREGIONS

ByF. EdwardEhlersandHirshG. Cohen

SUMMARY

Theflowof a compressiblefluidthrougha channelhavinglocally
supersonicregionsisstudiedby usingtheTricomiequationinthehodo-
graphvariablesasan approximationinthesonicregiontotheequation
offlowof an irrotational,inviscidgas. Itisshownthatthisis
equivalentto studyingthe-flowof a gashavinga pressure-den$ityrela-
tionmatchingtheisentropicrelationtothethirdderivativeatthe
sonicpoint.A one-parameterfamilyof solutionsoftheTricomiequti-‘
tionisusedwhichprovidessymmetricalaccelerated-deceleratedflows.
ThevariationofthisparameteralterstheMachnumberatthecenterof
thethroat,thevelocity-distributionandgradientalongthecenter.
streamline,aswellastheshapeofthechannel,thatis,thecurvature
oftheboundingstreamline.

As specificexamples,flowsarecomputedhavingMachnuniberequal
tounityandto 0.86atthecenterofthethroatsection.Constsnt-
velocitylinesareplottedandit isfoundthatthevelocity~adient
becomeszeroatthreeplacesalongeach+streamlineoutsideof a limiting
streamlineforrvaluesoftheparametergreaterthanzero(M< 1 at
centerofthroatsection).Forthep-arameterequalto zero(M = 1 at
centerofthroatsection),thevelocitygradientalongthestreamlines
andthecurvatureisdiscontinuousat allpointsofthetwocharacter-
isticswhichmeetthecenterstreamline.

OthersolutionstotheTricomiequationarediscussedwhich~“y”be
usedto formulatechsmnelflows.Theexactnatureoftheseflowshas
notyetbeeninvestigated.

INTRODUCTION

Intheinvestigationsoftheeffectoffree.stre”am
theliftanddragof an airfoilina un~ormstreti,it

Mach’numberon
wasfoundthat
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theliftdidnotbeginto decreaseor
streamvelocityexceededthecritical

thedragincreaseuntilthefree-
.

free-streamvelocity,thatis,
thevelocityforwhichthelocalvelocityof soundisjustattainedat
somepointofthebody. Thusitappearedthat,forfree-streamvelocities
inbetweenthecriticalfree-streamvelocityandthevelocityforwhich
theliftcharacteristicschangedrapidlywithlkchnumber,theremight
existaboutthebodya locallysupersonicregionwhichcontainedno shocks,
althoughsuchshock-freeflowshaveroverbeenobservedexperimentally.
A similsxphenomenonoccursinthestudyofflowsthrougha ~adual
constriction.Whentheexitpressureof a nozzleisdecreased,the
meanvelocityatthenarrowestcrosssectionandalsothetotalmass
flowareincreased.However,whenthemeanvelocityattheconstriction
reachesthelocalvelocityof sound,themassflowreachesa msximum;
andtheflowthenchangesfromanaccelerated-deceleratedflowto one
inwhichthefluidisalwaysacceleratedinpassingthroughthenozzle.
Furtherdecreasesintheexitpressurefailto increasethemassflow
butonlyintroduceshocksintothesupersonicsideofthenozzleto
satisfytheconditionsofconservationof mass,momentum,andener~.
Onequestionwhichoccursregardingsucha processis: Dothereoccur
isolatedregionsof shock-freesupersonicflowintheneighborhoodof
thewallsbeforethemassflowreachesthemaximumandtheflowbecomes
purelyaccelerated?

ThisworkwasdoneatBrownUniversityunderthesponsorshipand
withthefinancialassistance
Aeronatiics.

of theNationalAdvisoryCommitteefor

SYMBOIS

FJY Cartesiancoordinates(Z=x+iy)

u,v velocitycomponentsinx- andy-direction,respectively

7 ratioof specificheats

13=*

al Mach

T =“q2/2~ (T =

.

angle ,

1 correspondsto limitingspeed)

z velocityvector

q magnitudeofvelocityvector .
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inclination

Tl = 2T(1- @

1- (2p+l)T
T2 =

2T(1- #1 ‘

c localspeed
stillair

ofvelocityvectorwithx-axis

ofsoundnormalizedto speedof soundin

P densityoffluidnormalizedto stagnationdensity

v specificvolume

P pressureoffluidcorrespondingto densityp

Ps criticalpressure(pressureat S=o)

M Machnumber(q/c)

2.l120s*s =
1 + 1.2304s*

J(2&l)-1S* (1- T)p= dr
2T

T

~ velocitypotential

+ streamfunction

*t =~V= (1.45320- o.84664s)y

.

.

~’ conjugatepotentialto $1 (byequations(6))

$ symmetricalstreamfunctiongivenby equation(19)

~1 stresmfunctiongivenby equation(15)

3

—.. ..- . . . __. . _ — --- —. .--. ..-— —-—. — .—.~~ ——— .--—.



,- —. -—. . ...—. — -—— -—

4

4 ~ 83a.
\ (9 )

-1.2+ 022+ 4A2e2

-2Ae~ . t~-1

62+ $(s3- S03)

-1

$1=
~

2
)(

2g
aces Q-G +a sin

)j
:+L

2

Q=
asin Q+k

t~-1 2

aces Q-e2-

tm-l &
ao

‘1$s3+e2

NACATN 2547

i
(e- ix)2 +; J --(e- ix)

EARLYINVESTIGATIONSOFLOCALLYSUPERSONICREGIONS

Thefirstattemptto constructa flowthrougha channelhaving
10CSJ.1Ysupersonicregionswasmadeby Taylorin1931(reference1).
He expandedthevelocitypotentialina doublepowerseriesaboutsome
centralpointof a two-dimensionalnozzlewhosewallsconsistedoftwo
arcsof circles.Tsylorwasableto obtainseveralflowswhichwere
symmetricinthevelocityaboutthelineof centersofthetwocircles.
Thevaluesofthemaximumvelocityonthestraightstreamlineforthese
flowswereboundedby a certainvelocityforwhichthelocalvelocity
of soundonthewsllwcsjustbsrelyexceeded.Fromthisresult,

.

.
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Taylorconcludedthatthepotentialflowthrougha channelwithlocally
supersonicregionsITaSimpossible.@rtler(reference2),however,
feltthat’Taylor’sconclusionwasunfouhded,forifmoretermsofthe
powerseriesweretakenandtheboundaryconditionsonthewall.satisfied
tomoretermsintheseriesexpansion,thenthedifficultywhichTaylor
encounteredindetermintigthecoefficientsmightnotexist.C&tler,
usingmuchofTaylor’s“computations,satisfiedonelessrelationofthe
boundaryconditionsthanTaylorandtherebyhadtwofreeparametersto
varyinsteadofone. Oneoftheseparametersrepresentedthevelocity
atthecenteraxisofthethroatofthenozzle,andtheoth~r,the
velocity~adientalongthecenteraxisatthispoint.Byvaryingthe
velocity~adient(&’tierobtaineda sequenceof channelswhichexhibited
locallysupersonicregionsnearthechannelwallsattheconstriction.
As thevelocitygradientwasincreased,thelocsllysupersonicregion
graduallyextendedtowardtheaxis.Whenthelocalvelocityof sound
wasattainedattheaxis,theflowbecameidenticaltoTaylor’sunsym-
metricalflowthrougha &val nozzle.tirtlershowedthatthelocally
supersonicregioncannotextendtothecenteraxisifthevelocity
gradientistobe continuousalongthecenterstreamline.Whenthe
sonicvelocityisjustattainedontheaxis,butnotexceeded,thenthe
conditionof continuityofthegrd’ientwillrequirea zerogradientat
thesonicpoint.Underthisconditionthefollowingtheorem,provedby
C%rtler,showsthatthesoniclinemustbe a straightlinesndthe
curvatureofthewallatthethroatmustbe zero.

Theorem:Letan inviscidflowof a compressiblegas
be givenwhichissynmetricqlaboutthe y = O axisandis
analfiicintheneighborhoodof a point x = X. and y = O. “
Further,supposethatthelocalvelocityof soundisattained
atthispointofthecenteraxisandthatthevelocitygra-
dientvanishes;thatis, U(xo>o)=land

au
()z ‘0’0 = 0“

Thenitfollowsnecessarilyforall y’s intheneighbor-
hoodthat U(xo,y)s 1, $(XO,Y)= O, and v(xoJy)= O.

Flowshavinglocallysupersonicregionsinwhichthesonicvelocityis
justreachedonthecenteraxis,therefore,willnotbe analyticinthe
neighborhoodofthecenter-axispointofthethroat.Sucha flowhas
beencomputedby TomotikaandTamadaanda shdlarflow.havingsymmetry
aboutbothhorizontalandverticalaxesisgiveninthiswork. The
velocitygradientinbothflowsh= a jumpatthecenterofthenozzle.

TheworkofTomotikaandTamada(reference3),usinganapproximate
gaslaw,andofFrankl(reference4),(%rtler(reference2),Oswatitsch
andRothstein(reference5J)jFoxandSouthwell(reference6),and
others,usingpowerseries,alreadyindicatesstronglythatsolutions

. . .- — —.- ,——-—.—---- -—--—-— —-—-— — — —-—-— ——- - ..———-———
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whichhavelocallysupersonicregionsfortheexactflowequationsdo
exist.Recognitionmustbe given,of course,tothe lackofknowledge
abouttheconvergenceofthepowerseries,andtothefactthatthe
TricomiequationwhichtheJapaneseauthorsuseapproximatestheactual
gasonlyina smallneighborhoodofthesonicvelocity.Yet,thefact
thatbothmethodsgiveflowshavinglocsllysupersonicregionsclearly
pointstowarda similarresultfromtheexactequationforan isentropic
compressible,inviscidfluid.Buttheexistenceofthesesolutionsby
nomeanssettlesthematter.Itistobe notedthat“existence”is
usedinthemathematicalsense.Actually,allexperimentalresults
(Liepnann(reference7)andFrsmkl(reference4))showthatirrotational
flowbreaksdownsoonaftertheappearanceofthelowercriticalMach
number(TsienandKuo(reference8)). Noneoftheexperimentsshows
locsllysupersonicregions-ofanyappreciableextentwithoutshocks.

GENERALPROPERKU33OFA IOCAILYSUPERSONICREGION

9 made
Frankl(reference9) md NikolskyandTaganoff(reference10)have
somegeneralinvestigationsofthepropertiesofthelocallysuper-

sonicregionswithoutshocks.Fmnkl (reference9) showedthatthe
symetricflowoveranobstaclewhichissymmetricabouttwoperpen-
dicularaxesisuniquelydeterminedby theboundaryconditionsonthe
portionsofthearcsDFD’andEGE’infigure1 whichlieoutsideofthe
regiondefinedby thetwopairsof characteristicsBD sndBE andB’D’
andBtE;andtheconditionsat infinity.ThesegmentsofthebodyDE
andD’E’betweenthecharacteristicsthendependupontherestofthe
bodyandthefree-streamMachnumber.Thusitappesrsthatsyaunetric
flowwithsupersonicregionsdoesnotexistforan arbitrarybody,
althoughfora givenfree-streamMachnumbertheremightwellbe a
largeclassofprofilesforwhichsuchflowsdo exist.

TheresultsofFranklcanbe shownmorerigorouslyandeasilyby
makinguseofthefollowinguniquenesstheoremprovedby Tricomi
(reference11):

In a domainboundedby a curveinthesubsonicregion
withitsterminionthesoniclineinthehodographplane
endtwointersectingcharacteristicsdrawnfromtheseter-
mini,thesolutionofthe‘T@comiequationisuniquelydeter-
minedby theveluesprescribedonthesubsonicarcandon
oneofthecharacteristicseggnentsboundingthedomain.

Thecharacteroftheflowthrougha nozzlehavinglocallysupersonic
regionsisshowninthehodographplaneinfigure2. Ifthevalueof
thestreamfunctionisgivenonthearcBCDandthesegmentofthe

.—. . ——. –-. - —--——— —— . . -—- .--. — --. .— .-
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axisOABandthecharacteristicED,thenthesolutionisgivenuniquely
insidetheregionBC!DEOB.h thephysicalplane,thismeansthatthe
solutionisgivenuniquelyintheregionA’B’C’D’E’O’A’(fig.3) since
thearcOA infigure2 mapsintotheline e = O (O’Arinfig.3)the
lineAB intothecenterstreamline,andthecharacteristicsDE andEO
intothe.MachlinesD’E’andE’O’. Thesamethingcanbe shownfor
A’O’G’H’I’J’A’sincesymmetryisassumed.Sincethevaluesof 6, q,
and ~ areknownonthetwoMachlinesE’O’andO’G’,then.thesolution
isdeterminedinsidethequadrilateralE’L’G’O’.Thustheflowfield
isentirelydeterminedby theboundaryconditionsonthesrcsC’F’
andM’I’,andby thevelocitydistributiononthecenterstreamlineJB’
andon C’B’andI’J’.

Thefactthat,foran inviscidflowwhichhaslocallysupersonic
regions,theboundarycannotbe choseninanarbitrarymanneractually
haslittlesignificanceintheflowofrealgases.In suchflows,there
existsa boundarylayernearthewallsanda pertinentquestionregarding
locallysupersonicregionsmaybe statedasfollows:Doestheboundary
layeradaptitselfsothatlocallysupersonicregionscanoccurwithout
shocks,or areshocksalwayspresentinlocallysupersonicregions?

NikolskyandTaganoffhavediscoveredsomeofthepropertieswhich
a locallysupersonicregioninan inviscidflowfreeof shockwaves
musthave.Brieflythesepropertiesareasfollows:

(1)Theslopeofthecontouratanygivenpointinthelocally
supersonicregionisthearithmeticmeanoftheslopesofthevelocity
vectoratthepointsonthetransitionlinewhicharetheterminiof
thecharacteristicsoriginatingfromthegivenpointofthecontour.

(2)Ifonemovesalong‘thetransitionlineinsucha waythatthe
regionof subsonicvelocitiesliesontheleft,thenthevelocityvector
willalwaysrotateclockwise.

(3)If,inthesupersoniczone,a“segmentof a characteristicof
onefamilyisgivensuchthatthecharacteristicsoftheotherfamily
originatingfrompointsofthissegmentetiendtothetransitionline,
thentheinclinationofthevelocityvectoranditsmagnitudeare
monotonicfunctionsalongthegivense@nentofthecharacteristic.

(4)Themagnitudeofthetielocityalonga rectilinearsectionof
theprofileina supersoniczonemustdecreaseinthedirectionofflow.

(~)Prandtl-Meyerflowbetweentwocharacteristicsofonefamily,
withthecharacteristicsoftheotherfamilyrectilinear,cannotbe
completelyrealizeduptothetransitionlineinthefiniteregion.

.. . ------ ------ -., -- .——------ --—,—- ---- .--— — “-—.—- -. ’--- ----- J—.— —- . ..—. — . . . . . ---- —.-
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(6)Characteristicsofthefir@ familywhichoriginatefrompoints
rectilinearsectionoftheprofilecannotextendto thetransition

line,butmustinsteadterminate-ina compressionshobk;

NikolskyandTaganoffalsodiscussthepossibilityoftheMachlines
formingan envelopeinthesupersoniczone.~ey showthatiftheSOIU.
tiontotheflowovera bodyisfoundwhichsatisfiestheboundarycon-
ditionsthentheJacobianofthetr&nsformationfromthehodographplane
to thephysicalplanecannotvanishontheboundary,sincethecurvature
ofthestreamlinemustbe zerowhen J = O. Byusingthepropertyof
statement(3)abovetheyshowthatiftheJacobiandoesnotvanishon
theboundarythenitcannotvanishinthelocallysupersonicregionin
theflowfieldoutsidethebody. Theygiveasthecriterionofbreak-
downtherelation . .

dq—=q tanal
de

where q isthevelocitymagnitude,e theangleof inclinationofthe
contour,and al theMachangleassociatedwiththelocalMachnumber.
WhatI?ikolskyandTaganofffailedto notice,however,isthattheabove
equationistheconditionthatthestreamlinerepresentingthebodybe
tangentto a characteristicinthehodographplane.Ifthederivatives
withrespectto i3and q ofthestreamfunctionarefinite,thenthe
streamlinewillhaveinfinitecurvatureatthepointwheretherelation
aboveissatisfied.WhatNfiolskyandTaganoffhaveactuallyshownmay
be statedmorepreciselyinthefollqwingform:

Theorem:If,alongtheportionofa streamlinelyingin
a localsupersonicregionofflow,thereexistsnopointat
whichthecurvaturebecomesinfinite,thentherecannotexist
anylimitlineinsidethesupersoniczonelyingbetweenthe
givenstreamlineandthatstreamlinewhichisjusttangent
tothetransitionline.

However,ifoneconsidersthecontinuationoftheflowpatternthenone
mayfinda streamlineforwhichthecurvatureisinfiniteandhencethe
JacobianJ = O. NikolskyandTaganofYwereunableto showthat J = O
onthetransitionlinewasan impossibility-undertheconditionsofthe
theoremabove.Friedrichs(reference12),however,showedthat,under
thehypothesesofthetheoremabove,infiniteaccelerationandinfinite
curvatureofthestreamlinescouldnotoccuronthetransitionline
betweenthetwostreamlinesmentionedinthetheorem.In investigating
theproximitytobreakdmmofa potentialflowoveranobstacle,it
seemsadvisableto studythecontinuationoftheflowintotheregion

.

.
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insidethebodyandinvestigatehownear-tothebodystreamlineliethe
cwps of a limitline. Iflimitlineslienearthebody,thenitis
probablethata slightchangeintheboundary-oran increaseinthe
freestreamwouldresultinan inabilityto satisfytheboundary
conditions.

AYPROKCMATEHODOGR&PHMEl!HOD

INVOLVINGSOLUTIONSTOTHE

FORTRANSONICFLQW

TRICOMIEQUATION

Inthisdiscussionanapproximationtothecompressible-flowho~o-
graphequationswillbeusedinwhichtheTricomiequationreplacesthe
usualsecond-orderlinearequationforthestreamfunction.Inthe
notationofreference13,theequations

(u

1- (2P+ l)T 1- M2 represent~
where T1 = 2T(1- ~)-~ and T2 = =—

2T(l-
●

T)P+l P
exactlinearizationoftheequationsof irrotationalmotionofan
inviscid,compressible,fluid.If a newvariable

‘[ (2p@-1
S*=

JT>

(1- +dT
2T

., ,’. . ,.,
.- . .,-

is introducedintoequation-(l).,theequations~ . ‘ ~ ‘ .
...-

1
(2)

. .. ..
.._. ..— —.. .— .——
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areobtained,where @(s*) =

equationfor $ resultswhen

NACATN 2547

.

1- M2
~ Thenthefollowingdifferential

q iseliminatedfromequation(2):

WS*S*+ cD-w*)wee= o (3)

Thegeneralformsfortwosimultaneousdifferentialequationsin
twoindependentvariableswhichreduceto theTricomiequationhavebeen
developedby120ewner(reference14). Onesuchformwillbe considered
here. I& ‘~ and q be definedby therelations

y$~ =+pe

-+ =6qve
9

andleta transformationofthedependent

*, = %$

q)ls.-—
h ‘s

(4)

variablesbe givenby

(5)

.

Oneliminatingq’ fromequation(5),itcanbe seenthat,forcom-
patibililiywithequation(4),thequantityq musttaketheform “
~ = as+ h. Whenequations(5)aresubstitutedintoequation(4)the
resultsare

.-

(6)

.

——. ——. —.—-. —-.. .—- — -.
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Eliminationof q’ fromtheaboveequationsleadstotheTricomi
equation

Nowequation(4)maybewritten
introductionoftheindependent

Jds+s*=_

92.

if

u.i+=

+ S$’ee=0 (7)

and

I-1

intheformofequation(3)by the
variables* definedby

\

Constant= s-
b(as+ b)

b6s*

(1- abs*)5

1- ~2
Thefunction@$ canbemadeto approximate— c1 intheneighbor-

P=
hoodofthevelocityof soundbestby determiningthetwoconstants
that”thefirsttwoderivativesof U* and ~

M2
coincide.From

this,with y = 1.4,the
6,

Pz
results

(m= 9.4204S*

(1+ 1.230k-s*)5

2.IJ20S*
s = (1+ 1.230k-s*)

.1

,,

(1.45320- o.%466ks)-$’

areobtained.Therelationbetweens and s* isshowninfigure
andtabulationsof s, q, l/q, I/p, S*,and ~ aregivenin.
tablesI andII.

so

(8)

(9)

4

.
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EXACTEQUATIONOFSTATEIFADINGTOTHETRICOMIEQUATION

Thisreduction,whichconsistedessentiallyof changesinthe
dependentandindependentvariablesamdan approximationof 1 -

M2
p2

.

.

to thesecond-orderterminitspower-seriesexpansionintermsof s*,
msybe regardedasproducingtheexactequationofflowfora gashaving
a somewhatalter~dpressure-densityrelation.(ThiswouldcorrespondtoviewingtheKarm&-TsienortheChaplyginapproxiniationforthehodo-
graphrelationsasthe-exactequationsfora gashavinga pressure-
densityrelationoftheform p = A + ~.) UsingBernoulli’sequation
differentialform,thee“qua~ion

in

1- M2 dv
~2 =

~2+_ (lo)
&j*

4

isobtained,where v = l/p. E theapproximation@(s*) for 1- M2
p2

isnowused,a differentialequationfor v isobtainedwhosesolution
yieldstherelationfor p %s a functionof s* forthenewgas.
Althoughtheequationisnonlinear,itisoftheRiccatitype,andcan
be solvedeitherby expressingv as a powerseriesin s* or inclosed
formbymakinga suitablesubstitutionforthedependentvariable.Since
thebehavioroftheflownear s*= O isdesired,thepower-series
expansionwasdevelopedanditwasfoundthatthespeciYicvolumecould
be expressedas

1–= 1.5774-2.k883s*+8.6354(s*)2- 30.175(s*)3+ 88.w4(s*)4-
P

223.32(s*)5+ . . . (11)

Thefirstfourtermsagreewitha similarexpansionof l/p forthe
isentropicpressure-densityrelationwith 7 = 1.4.

Usingtherelationbetweens* and “q (equationIll))anda
Maclaurinexpansionfor l/q,theseriesexpressionforthevelocityis

1-= 1.0954+1.7280s*+1.7199(s*)2-
~ 3.9340(s*)4+6.7@7(s*)5-

9.5639(s*)6+. . . (~)
.

.

———-. — . - —.—-
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FromthisandBernoulli“sequationanexpressionmayhe obtainedforthe
pressureasfollows: *

t ion
with
with

P - Ps = 0.8333s+- L31k5(s*)2+ 0.6912(s*)3- 0.3816(s*)4+

.,

1.0939(S*)5- 1.39M(S*)6+. . . (13)

Equations(1.1)and(13)thenconstitutethepressure-densityrela-
leadingtotheTricomiequ&tion.Theseexpressiongiveagreement
theusualisentropicrelationsup tothethirdderivativeof p
respectto p atthesonicvelocity.

However,theuseofa powerseriesto obtainl/p ishsmperedby
thefactthattheseriesconvergesveryslowly.As analternative
method,theRiccatiequationmaybe solvedinclosedform.As usual
thisinvolvesa substitutionoftheform v = ~ = ~ inequation(10),

Pu
whichyields

(1+ CS*)51i’1 = d X S%

,
I

where c = 1.2304and d = 9.42o4aresubstitutedforconvenience.
Letting

u = (1+“cs*)w(~)

where I

leadstothedifferential
knownAiryequationanda

equation’77-llw=o. Thisisthewel.l-
linearcombinationof itssolutionstogether

. - .._. - _ .—-_
.
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withboundaryconditionson

providestheresult

NACATN25kI’ ,

l/p,thatis,at s*= O and ~ . 1.57744, ,.

.

1 1.2304-=
P 1.+1.230k*+

2.4176

(1+ 1.2304s*)2

[
E2131-2/3(E) - 1

0.196352/312/3(:)

[
#311,3(g)- 0.196331/31 1-1/3(~)

where

.

and ~(g) isa Besselfunctionwithimaginaryargumentinthenotation
ofWatson(reference15). Thequantityzgbecomesimaginaryforsuper-
sonicvaluesof speed(s*< O),andif ~ isdefinedby

F=
(

-1.6118S*3/2

1 + 1.2304s*)
therelationfor l/p inthesupersonicrangeis

.

1 1.2304 +—=
P 1 + 1.230k*

2.4176

(1+ 1.2304s*)2

[

~2/3J 2/3J
-2/3(~)- o.196% d2/3~2

[
_l/3 ~1/3
-E J1/3(?)- o.1963E 1Jq/3(~)

where JV(~) istheBesselfunctionofthefirstkind. Thefunc-
tions q and M mayalsobe computedinthesamemannerandtheyare
foundtohavetheform

.

.

-.—..—- .-——. — .. . ..._ .. .
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.

I

.

q=
-0.1667

[
(1+-1.2304s*)~

l/3
11/3(E)

‘1/3
- o.1963~ 1Iq/3(g)

9.4204s*p2

(1+ 1.2304s*)5,

Thusagaipthestatequantitieshavebeenfoundforthepresent
hypotheticalgasintermsof s*. Thispressure-densityrelationhas
beencomparedgraphicallywiththeusualisentropicrelationfor
Y =lo4(seefjg.5). Thecurvesarealmoqtcoincidentintherange
p =0.42 to p = 0.7’2.Thiscorrespondsto al@chnumberrangeof 1.33
tO 0.85,Forvaluesof s* nearzero,thecurvesplottedforMachnum-
beras a functionof s* forthetwopressure-densityrelationsagree
quiteclosely(seefig.6). ForI_argevaluesof s*,~wever,the
approximationcurvedepartsfromtheusualfsentropiccurvep = p~ly,
sincetheslopeof thehypotheticalpressure-velocityrelationdecreasqs
morerapidlythanthatfortheisentropiccurve(seefig.5).

HODOGRKPHSOLIJTIONHYIELDINGAC~

DECELERATEDCHANNELFlllW

SoJutionsfortheTricomjequatiop(7)whichproduceanunsymmet-
ricalaccelerated-deceleratedchannelhavebeengivenby Tomotikaand
Tsmada(reference~),Falkovich(reference16),andEhlers(refer-
ence13). Considera solutionwhichhastheform

Tomotika~d T~ti noticedthatthistictionre~~ed a solution
when (e. i~) ie substitutedfor e. Infact,ifthefunction

(15)

-. ---- ._ .. —- -. —-—- . -. .—— . .—.. -.. .-..—-. .—.— - ______ . _ -- -——.— —- -—. . . .—
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isconsidered,a streamfunctionresultswhichhas

()
92~/3=gulsrityoftheone-halfpowerat s = ~ A

branchpointinthesubsonicstreammaybe saidto
flowwithlocallysupersonicregionshavinga Mach

NACATN 2547

a branch-pointsin- .
.,

‘o ande=O. This

“generate”a channel
numberatthem.

rowestcrosssectiondeterminedby L Oftheotherpropertiesofthe
functionitmaybe observedthat>when s > so and e = O,then
$1= 0. Itwouldappearthat ~l(s,e)hasa lineofone-third-order
branchpointsalong s = O. However,thisbranchpointmaybe elimi-
natedbywritingthefunctionintheform

●

r

yJi!~-yi.g’F-
lf3

11
(e-ix)27L

ri==G-(e - ‘A)“31[

~ .

(16)

(17)

.—— —— —.—. — —.. .—— —— .__. .. . .. . . ..—
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where

.
17

[. )]f31= (~cOs:”-e)2+(a6~;+h
2 1/6

)4 ~~3_A2+e2a=
\ (9“

2 +’4x.2e2

asin$ij+i
Q . t~-1

~ . t~-1 -2?d
&s3_h2+e2
9

Since ~1 doesnotvanish(thechoiceof signfortheone-half-order .
branchpointissuchthatthisis insured)it canb“eseenthatthesin-’
gularitiesalong s = O areremovable.Theobsenationmaybe made
that

,

vl(8,e)+VI(s,-e)=Y(s,e) ~~:(19)

isa symmetricalfunctionof e, andit is
usedasthestreamfunction.Thefunction
ure7 for 1.= 0.050912.Thiscorresponds
ofthechannelora maximumMachTnumberon,.
Forsufficientlylargenegativevalues’of

thisfunctionwhichshallbe
~ hasbeenplottedinfig-
to s = 0.18 atthecenter
thecenterstreamlineof 0.86.
s ‘(supersonicflow),~

becomeszeroata pointabovethe e=Oaxisaswellasat e=o.
Thisindicatestheflowinthesupersonicregionwillhavestreamlines
alongwhichthevelocitygradientchangessignmorethanonce.This
canbe shownfromthefo~owinganalysis.A series”expansionof Ue
forcons$ants about‘e= O ‘hastheform . . J,,

,,,,“ ,..

.’,- >..’

‘. . .
-,

,,,,,. . . . “..’
,---- . .

. . . . _ . _ _ __ ___ . . , - .>_z._ _—. ..,______ __...._ ----- ----- _______----- ----- -....._
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Fromthehodographjit isapparentthatfor s > 0.18 thederivative
ye iSPositivefor e> O- Alonga streamlineforwhichf!edoes
notvanishfora valueof e > 0,thevalueof ~ee thenwillbe
positiveintheneighborhoodoftheline i3= O sinceve > 0 for
G>(). Thelimitingstreamlineofthosealongwhichthevelocitygra-
dientdoesnotchangesignmorethanonceisthestreamlinewhichpasses
throughthepointonthes-axisforwhichlee vanishes.Th.iswas
fomd tobe V = 0.762for s = -0.132.For s< -0.132andhence
v> 0.762thevalueof ye for e > 0 intheneighborhoodofthe
line 13= O isnegative;for S> -0.132and ~< 0.762,~e is
positive.(Seefig.8(a).) Theresultingeffectsontheconstant-
velocitycurvesinthephysicalplanesresho~minfigure8(b). Itis

apparentfromthefigurethat 8— = O doesnotoccuralongthecharac-
be

teristicspassingthroughs = O smd e = O. Thisremarkismadeat
thispointsinceh thelimitingcaseas Aa O thischaracteristic
doesbecomethelocusofthechangesinsignofvelocitygradient.This
isdiscussedinmoredetailinthesectionLimitingCaseWhenSonic
VelocityIsJustReachedonCenterofStreamline.

Thebreakdownof isentropic,potentialflowsisusuallyassociated
withtheappearanceof limitlines.Someremsrkshavealreadybeenmade
aboutcriterionsforbreakdown,buthereitwi12.be sufficientto remark
thatTollmein(reference17)andTsien(reference18)havesho~mthat
inviscidpotentialflowscannotbe continuedacrosslimitlines.Limit
linesoccurwhentheJacobianofthetransformationfromtliehodograph
tothephysicalplane

(20)

becomeszero.Thismayonlyoccurfor s< 0 since S, ye) ~d !!!s
arerealandtheJacobianisalwayspositivefor S>o. Geometrically,
a necessaryandsufficientconditionthatlimitlinesoccu isthatthe
streamlinesandthecharacteristicsbe tangentinthehodographplaney
providedthederivativesYe and VS remainfinite.As a matterof
factinthiscasethel~t linesarethelocusofthepointsoftangency.

Thehodographofthefunction~ wastestedgraphicallyforlimit
linesby seekingpointsoftangencyofthestreamlinesusinga “portable”
characteristiccurve,drawnontractigpaperandmovedacrossthesuper-
sonicfield.Fromfigure7 itisappsrentthatno limitlinesoccurfor

.

.

“

.

.——— —.————.——. .-—. .— .--— . ,—---- -——-
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thatportionof-thes,e,fieldwhichhasbeencomputed.usingthis
test,itisnotcertaintl@ limitlinesdo notappearsomewhereelse

19

inthesupersonic
streamlinehasso

portionoftheflow,butsincethechoiceofbounding
farbeenleftopenthisisnotan importantproblem.

CALCULATIONOFPHYSICALCOORDINATES

To obtainthecoordinatesoftheflowinthephysicalplanethe
conditionof irrotationalityandcontinuitymaybe putintothe
followingform:

“dq)= Udx+vdy

Theseequationsmaythenbewrittenas

eie
dz=

(
T*+

u dy)i

)
;W ‘ (21)

Expressing@ and $ asfunctionsof s and 19,andthenreplacing
th~partialderivati~esof Q withthoseof $ by equation(4),the
followingdifferentialexpressionforthecomplexpositioncoordinate
isobtained:

(22)

Withthisformulaitispossibleto showthatif ~ isaneven.
functionof 13theflowpatterninthephysicalplaneissymmetric.
Forthispurpose,itis
19= O inthehodograph
plane.Settingf3= O

dz

firstofallnecessarytoprovethattheline
planemapsintoa straightlineinthephysical
W df3= O inequation(22)leadsto

..

(23)



—.

20

Thestreamfunction
~=o ,fore=o.

WA TN 2547

~ inequation(19)is= evenfunctionof ej hence
Then

Thisispurelyhnaginary;and 19= O thenisseen
y-axis.Iftheintegrationforthestreamlinesis
eachstreamlinefromthepoint‘e= O,theObViOUS

leadtothesimpleformula,where~= Constant,

(24)

tomapintothe
carriedoutalong
differentialrelations

(25)

,

Since(seeprecedingsection)theJacobianofthetransformationfrom
thes,e-tothex,y-planeisneverzero,andsinceitmaybe represented
as

Equation(25)becomes

(! )
e
pqeieJ dez=-
$s

0 $=constant

4

.- ——. —.——. - — —— - .-

.
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or

..(.~epqc;:eJdj,=constm

,.(Jn’w+:eJd);=coM
Nowfor ~ inequation(19),therelationp(,)q(,) =
anysinglestreamline,sinceIs and ~ ~e evenin
&3mevalueof s occursfor e and -e. ThUSfor x

p(-e)q(-e) dow
19,impliesthatthe
.theintegrandis

a productoffourevenfunctionsof ,: J, Pq) ~s~ad -C0819.There-
fore, x itselfisodd. Ina similar”manner,y is seentobe aneven
functionOf e. Since x isanoddfunctionof , fora givenvalue
of s and y isanevenfunctionof e,thenthechannelis symmetric
abouttheline , = O.

Themappingfromthehodographplanebacktothephysicalplane
maybeiaccomplishedby integratingequations(21)or (22)alongeither
constant~ or constants lines.Sinceeitheroneoftheseinte-
grationsmustbe carriedoutby numericalor graphicalmethods,the
choicedependsonthemethodinvolvingtheleastamountof labor.’.

Iftheintegrationisperformedalonga streamline,thenfromequa-
tion(21)thephysicalcoordinatesarefoundby integrating

I

.-

dz = ~ eiedq
,

.

If q wereknownas a &ction of s and , alongeachstreamline
thiswouldyielda verystiplemethodforcomputingtheflow. However,
thedifferential@ maybe replacedby thedifferentialof @ with
an additionalterminvolvingw and ~. Multiplyingthesecondof
equations(5)by ds“andthethirdby d, andaddingthetworelations
leadto

#

.

— .. . —..—. .—. -.—.. _._. . . . ____ ---—. — .. ——— —.. —.—. . . .. . . . .
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Thusthephysicalcoordinatesarefoundby integrating

.—.

(26)

along ~ = Constant.

Nowthefunctionq’ ctibe computedfromequations(6)when $’
isblown.Differentiat&g$1’ withrespectto

L

s gives

,.
.

iii+ ‘e-4-2’3;{&
9.

Thisexpressionmay
thebracesby unity

be simplified
intheform

r

byn&ltiplyingthefirstterminside

Li k’+(e-ik)(e- ix) ’.+ ~ s

andbymultiplyingthesecondtermby a shilarfactorwiththeposi-
tivesignbefore(e- ii) changedtominus.Thisleadsto

.—. ..— ..— — ——— ——. . .
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.“

1,h===-“- ‘i12’3
3

~

Since~1~’= q)e’,theyotentialq’ becomes

12/3 + f(s) (28)

Thearbitraryfunctionof s resultsfromtheintegrationwithrespect
to e. That f(s)= O willbe readilyapparentforthefunctions~’
and ql’must’obeytherelation

—.. . _____ . .. . _______ .——. ———...-.—- . . . . . _ —.. —... ... —-— -. . .. ..—~— —— - ___
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‘l!hus,differentiatingequation(28)withrespectto s yields

2s2
(e-ix)l -

Employingthesameprocedureas on ~s’ leadsto

% ‘

Theexpression
required.The
isthen

r

.

I

J .’

ontherightsidecanbe,readjlyrecognizedas -*e’
potentialq)’correspondingto w’ givenby equation

#

as
(17)

(29)

— —. .—— —.— . ..-— -——— -— —.. —...—- —————
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Ifforconstants thefunction~’ isan evenfunctionof 0,
then q’ isan oddfunction.WS isapparentfromequation(6)above,
sincedifferentiationofan oddfunctionof 13withrespectto G
resultsinm evenfunction.Thus,theconjugatepotentialO! corre-
spondingto y is .,

0’ = q’(s,e] - qJ’(s,-e)

(30)

Hereusehasbeenmadeofthefactthat ~1 isan evenfunctionof 13.
Inordertoperformtheactualintegration,thestreamlineandcon-
stantq)’linesmustbe plottedinthehodographplane.Thenforeach
streamlinethequantities(q/q)cos13and (ul~q)sine areplotted
againstQ’ andalsoagainste. Theintegrationsthenareperformed
withtheaidofa planimeter.

A symmetricchannelflowhasbeencomputedfor so= 0.18
(X = O.0509117),whichcorrespondstoa Machnumberof0.86atthe
centerofthethroatsection(seefigs.8(a)and8(b)).

.

VELOCITYDIST!RIBmIONONCENTER~ y=o

Thestreamline~ = O
coordinatesarecomputedby
casereducessimplyto

mustbe treatedseparately.Theposition
integratingequation(22),whichforthis

-. . - -—---- - - ——-—-. -..--— . —.-. , .. . ——-. ._ —.- -.. . ____
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since~~ =0 and dO
by differentiatingthe
Thisleadsto

NACATN 25,47

>
~ o.!l?hederivativewithrespectto e isfound
streamfunctionintheformofequation(15).

(31)

L

()4 1/38

}~[113-@-f’11’3 ’32)

(33)
.

..————.. ——. —— .—— . ———. - . . —.——
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f3 goesto zerothroughpositivevalueswith s >
()
C@ 1/3,then
4

u)= 2YCand

\

-1 hwhere 5 = tan ~and~=
F.’”’ If El goesto zerothrough

()9 2 U3
negativevaluesof e for s > - L

4
,thenm=O and

Thederivativeofthestreamfunctionforthesymmetricalflowthen
becomes

1“

=*gj(e)-*e(-e)

whichfor e = O reducesto

J
(34)

. .

L__ ---- . . . . . . . ..-— .——. . . . . . . . . . . . . . . ____ ----- _. __fi. _.. .— —.. -— . . ..— _
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Withthisexpressionsubstitutedfor ~G,thephysicalcoordinates
arefoundby integrating

(35)

Unfortunately,~ = O at s =

handsidebecomes

impossible.This

thissubstitution

()3 2/3
~A andthequs&ityontheright-

infinitesothatnumericalintegrationinthisformis

canbe remediedby notingthat ~ = - ~ &
-as

With
2 s%

for ~, equation(35)yields

Theinte~tioncanbe readilyperformed
sideagainst& andusinga plamhneter.
along~ = O aswellas along
ure9 for X = 0.050912.

CURVESOF

Thecurvesq = Constant
gratingtherelation

theother

(36)

by plottingtheright-hand
Thevelocitydistribution
streamlinesis~lottedinfig-

COIWI!ANTVECOCIT’Y

inthephysicalplaneerefoundby inte-

To studythenatureofthecurveinthe
axisofsymmetryx=O (G=O and s
a power-seriesexpansionabout 0=0.
ae readilyobtainedby differentialing

\

)% (37)
q=Constant

neighborhoodofthevertical
< 0.18)it isconvenienttouse
Thecoefficientsof sucha series
successivelytheexpressionon

therightwithresPectto 13andthensettinge = O. Theexpansion
for z becomes

-.. — ... ___ ___
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z-‘+3,=:+3(!),=:’+*(’),;’+● ● “

(3)

since ye and ~se arezeroat e = O. Theparametricrepresentation
of’q = Constantintheneighborhoodof 13= O thenhastheform

.

( 4)y=ce2+oe

Theslopeoftheline q = Constantattheaxisof symmetryis

~ ~ 2ce+ o(d)—=
ax &‘= A+O(62) .

de

~~=oate=o. Now thecurvatureisgivenby

—.. .-%-—.—. . ...--—. -—.. .—---— ——..--... -— . . ----- .
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whichfor 19= O reducesto

Thesignofthecurvatureatthepoint e = O dependsuponthesign
of C whichinturndependsonthesignof tee. NOW,thesecond
derivative~ee becomeszerofor s = -0.132~d e = o. For
s >-0.132,thequantityq~ isgreaterthanzeroandthecurvature
ofthe s = Constantlinesisconvextothecentekstreamlineof
thechannel(seefig.8(b)).For s< -0.132,thequantity~ee is
lessthanzerofor e = O andthecurvatureoftheconstants line
isconcavetothecenterstreamlineofthechannel..Thecurves
s = Constantfor 0.18>s >-0.132 showaminb alongx = O,
whilethecurvess = Constant-for s <-O.132 exhibita maximumat
x= o> andtwominimumsymmetricallyplacedaboutthey-axis.Along
thestreamlineswhichcuttheselattercurves,thefluidisaccelerated
to a msximumvelocityandthenisdeceleratedslightlyto a minimum
velocityatthethroat.Thefluidisacceleratedtothemaximumvelocity
beforebeingdeceleratedfinallyto subsonicvelocitiesagain.This
behaviorisapparentfromthevelocitydistributionalongthestreamlines
~ = 0.832 ~d 0.920b figure9.

Thecurvess = Constantfor s >0.18 which-intersectthex-axis
at 90°areconcavetotheincomingflowintheneighborhoodofthe
straightstreamlineattheentrancesideoftheverticalaxisof sym-
metryandconvextotheincomingflowontheexitside.Furtherfrom
thecenterstreamlineandtowardthewall.,however,thecurvaturechanges
andtheconstant-velocitylinesbecomeconvextotheincomingflowon
theentrancesideandconcaveto theincomingflowonthedownstream
sideoftheverticalaxisof symmetry(seefig.8(b)).

Sincethestreamfunctionhasa branchpointat s = 0.18 and
e = O,theabovesaalysiscannotbe appliedtothecurveof constant
veloc~tys = 0.18.To investigatethenatureofthiscurveinthe
neighborhoodofthecenterstreamline,itisnecessaryto obtainthe
expansionofequation(37)forsmallvaluesof e. Thederivative~le
isfoundfromequation(33).Usingthefactthat 0(-0)= YC- fl(e)
and m(-e)= 2YC- de) leadsto

.

.— —— .— —-.—c . ——. .—. ..— -— —.- _. ..__..... .._
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where 0, a, and (o aredefinedinequations(18):”I.a shrllarway
byusingequation(27)for ~ls‘(13)thefollowingequationsare
obtained: ‘

Lettings = 0.18 inequations(39)and(kO)leadsto somesimplifica-
4 3 = X.2.Accordingly,forvaluesof etionsinceforthiscase ~ s

positiveandnearzero, -
/

4 41.2)1/4~.(2~)1/2+ 0(e5/2) ‘1
(l.tm-, F’ ‘

$1=

-FP+ep-e2

L

+ o(ep)

..

() ( /)~+ el/2+oe32%2 x

1-

(41)

([~+ $j’”

$(!) + @’2j -

,“

—. ..+— _.. , . . .. . .. . .. . .----- .~..-+ . . ____
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Theapproximatevaluesoftheabovequantitiesleadfinallyto

. ~ e-~~2
[
~+~ ( /)Q+oe 132 +...

‘e 437 36 L

=
[ 10.729029-1/21 + 2.728e+ O(03/2)+ . . .

= -o.3og3e‘~12-5.87’7e112+o(e3/2)

(42)

(43)

Withtheseexpansionsandequation(37),theslopeofthecurve s = 0.18
intheneighborhoodof e = O isgivenby

dy—=1.948 -
ax

39.53e+o(e2)

Thenumericalvalueoftheslopeat e = O isfinally

W—= 1.948(ix

Nowthecurvatureisproportionaltothesecondderivatived2y— which
&

forthepresentcaseisgivenby

()dti——
deax

Thecurvatureofthe s = 0.18
thecenterstreamline.

de~el/2+ o(e) ~
G

lineisseentobe zerowhereitcuts

——— —. —— —.— —~. . . . .
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LIMITINGCASEWHENSONICVELOCITYISJUSTREACHED

ONCENTEROFSTREAMLINE.

Settingk = O inthestreamfunctionh equation(15)leads
directlytothestream.functionconsideredfortheflowthrougha Laval
nozzleinreference13. Fromthissolutionit ispossible,however,to
constructa chmnelhavinglocallysupersonicregionsby theappropriate
choiceofbranches.TogmttiandTamada(reference3) constructeda
channelhavingM = 1 atthecenterstreamlineusinga solutionin
theW,qkplane.Theirsolutionforthislimitingcasecanbe shownto
be thesameas equation(14)with X= O whenexpressedinthehodo-
graphvariables.Nowequation(6)whenexpressedin q’ and 4’ as
theindependentvariablesbecomes

(44)

J
If S and q)!werereplacedby -s and -q’ theequationtakesthe
formgivenby Tomot= andTamada(reference3)for K = ~. Their
solutionsforequation(~) arethen

5=-z-2(*’)2
,

L 1:= *’ z - 2ql’+$* ’)2

where z mustsatisfy

(z

~d LL=(I!’)2-L?’.men
and @ fromtheequations

- 2p)qz+ ~) 3=a

a=O it is
aboveandto

(45)

quitesimpleto eliminatez
obtain$’ asa function

. .—.. . .. . .- --...——-— .—.—- ... . —.. ---- _ —.. —— .. .—-. ———.- ..—- —.— — —~ ———.—-.. .
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of s and e. Settingthefactorz - 2V equal
natingq)*and z withtheaidofequation(45)

Theresulthgfunction$ is

to zeroandelimi-
leadsto

Similarly,the relation

whosesolutionleadsto

Equations(46)and(47)
whichgo
Equation
theform
equation
Tomot-
inwhich,
used.

to make up the

Z+y= O yields

3w’s ,e(vt)3+T-T=o

thestreamfunction

(46)

expressthetwobranchesofthestreamfunction
accelerated-deceleratedflowthrougha nozzle.

(46)may~e obtainedfromequation(47)by insertfiunityin
of e2fiiinsideoftheparenthesesontheright-handsideof
(47)andtakingtherealpart. Fortheflowcomputedby
andTamada,figure10 showstheregionsofthehodographplane
thetwobranchesrepresentedby equations(46)and(47)were

To‘obtaina flowwhichissymetricabouttheline e = O aswell
asaboutthestraightstreamlinethestreamfunctiongivenby

.
.

— —. —. ——— ——— —_._. .. ——_. ____
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i!’(e) =;pe)+$(-e] (48)

shallbe considered.Inth$sformula~(e) isgivenby equation(47)

and *(-8) by equation(46)if 8> 0 and 82> $ (-s)3.~ theregion

betweenthecharacteristic8 = *5(-s)
3/2

, $(8) and ~(-el areboth

givenby equation(47).Thechoiceofthefactor2/3 wasmadeso
that,intheregionoftheupperquarterplane 8 > 0 and s > 0 and

3/2
thesectionintheleftquarterplanewhere 8 > ~ (-s) , thestream

functionissimplygivenby
J

Thephysicalplaneforthisportiono?thehodowaphhasalreadybeen
computedbyEblers(reference13).

Therelationforthestreamfunctionintheregionbetweenthe
3/2 is ~characteristicse = +--$ (-s)

4 2 1/3

()
—-

‘=a3 [ 1
(-s)1/2~osS-$+ Cos,S!$.Q

where

5 = Cos-1 e

$(-s)3/2
.

5(8)=fi-5(-8)

e >0

.

(50)

.—. —.—..- .— . . ..— -.—.- —--- ..-— -—.——--——-— —— —--— —.- -—— ——-..— -
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Hence,withtheaidof a simpletrigonometric
function

NACATN 2547

identitythestream

isobtained.‘Thestreamlinesinthehodographplanefortheentire
flowgivenbyequation(~) are

the
To computethecoordinates
y-axistherelation

was
x coordinate

employed.

where to is
coordinateis

P

shownin~i&e-ll(a).

forthecues of constantspeednear

UOa

By a MacLaurinexpansion,forsmallvaluesof 0,the
canbe computedfrom

(1 %12+x =—-—
q 2s

thevalueofthe
coniputedfrom

/

For smallvaluesof e,this

Y- Yc)

]

%

%G- Voe+0{03)
ed3

streamfunctionwhen e = O. The y

is ap~roxhatedby

= >(1-3!J+o(m)

where q = O at e = O. Theflowinthephysicalplaneisshownin
figuren(b).

.

.

_.———— — ——..—— .. ..–.
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Thefollowingparagraphswillgivea discussion
Thederivativesye and Is ofthestreamfunctim

37

oftheflowpattern.
inequation(51)

becomeinfiniteatthelineofbranchpoints~f$(-s)3i2=0. These

curvesarethecharacteristicsinthehodographplanewhicharecusped
attheoriginof coordinates.As thesecharacteristicsareapproached
alongthebranchofthestreamfunctiongivenby equation(49)~e
tid fs remainfinite;thusthereisa Jumpinthefirstderivatives

atthecharacteristicse+: (-s)3/2s o. Furthermorealongthe

t!’

The

O streamline,Is and”Ye havethefollowhgval.ues:

lo = (2/3)1/3
-u U)-Is

quantity~G isseento

The
willnow
fromthe

effectoftheabove

-L

!J-S=o

be singularatthesonicpoint.

singularitieson thecharacteroftheflow
be investigated.From-theequationtransformingthesolution
hodographtothephysicalplane,namely,

.

2

()

2
(‘z)~=Constant

. ‘y eie‘~ + s~e ds
Ye

andtherelation

2
ds= ~2dS*=-~dq

thevelocitygradientalonga streamlinecanbe expressedinthe
followingform:

. .

1 i’e‘ - ~2P2J

-. ... -. ——..— -- . ... . . . .. -—- ——— . . . —.-— . .--..-— -——— - . .——. - —. .—-
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where J istheJacobianofthetransformationfromthehodograph
.

planetothephysicalplane.As theMachlinecorrespondingtothe

3 (-s)3/2 isapproachedfromthesonicpointofcharacteristice = ~

thestreamline,thevelocity
ye and J arebothf~te.
the’directionofthe e = O

Ve+-m insucha way.that

gradientapproachesa finitevaluesince
As thesameMachlineisapproachedfrom
line,thequantitiesJ ~CU and

().L3g
dl ~=k

isfinitebutdiffersinvalue

from
()
dq
~ ~=k whenapproachedfromthe“otherdirection.Theline

J=w thencorrespondsto a discontinuityinthevelocitygradient
alongthestresdine.Forthecenterstreamline~ = O,thevelocity
gradientbecomes

dq q2-”—= .
dx

(52)
W2P@e

Nowfor ~ = O, yea ~ as 640. Since @e hasoppositesigns

onthetwosidesoftheslitcorrespondingto ~ = O inthehodograph
plane,andapproachesa finitenonzerovalueas s # O,thereisa
jumpinthevelocitygradientgivenby

()dq . (2q*)2

~ S*

()
(1.4532)2P*$1’3

where q* and p* arethecriticalvelocityanddensity,respectively.

.

To studythecurvatureofthestreamlines,therelation \

()dz =
=$=constant

-~eie(~s ,~)

isconsidered.Ina mannersimilsrtothecomputationsofthevelocity
gradieritalongthestreamline,thefollowingresultisobtainedforthe
ctiature:

()de 1 $s’
E= -ET

.

(53)
.

s— ___ ____ _________ ____ _______ — .—— —— ..-. — —. . .._ . ..__ _
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2sThisexpressionisdiscontinuousattheline J = m, since~ approaches

differentvaluesasthecharacteristic(J=L=) isapproachedfromthe
twodirectionsalongthestreamline.‘Thus,theMachline (J=ti) isa
curveatwhichthecurvatureofthestreamlinesaswellasthevelocity
gradientisdiscontinuous. f

Tricomi
solutionsof

isgivenby

SOMEOTHERSOLUTIONSOFTHETRICOMIEQUATION

(reference11)hasshownthata single-parameter
thedifferentialequation

*’Bs+ S$’ge=0

familyof .

(5i)

(55)

‘i!s3+ ep.where u = Nowit ispossibleto derivefromthisformula
9

. somesolutionsinclosedform. Ihplaceofthehypergeometricfunction
above,considerthefollowingrelatedfunctions(seep.
andWatson(reference19)):

286,~it&er

“-’‘(-@-Jn+l’3+n+++y’ $;*) , “6’

:’-=‘(-*)-nF(-nJ-n+*’‘a+:;%4 (57)

In ~’in let n+?= m; andin $’
> 3 2,n l-et‘n+ ~ = ‘n=‘en ‘he

solutionsbecome

I

,--- -.--——- ---------- .-..--., . . ..- .. —-- .. ..— -. +---- .. . . ..- . . . . . ,- . . . . . ... . .. . . .
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W’lm=
J ‘-’”(-2$”-”3‘(?-$’‘; a;H%’)]

}
(58)

Wa,rn=~m’”(-*r-’”“(’”-+‘; a;%5)J
.

Thusitisapparentthat

a-l$’l,m= u Yt2,mr

fora givenvalueof m.

Inorderto seehowthesesolutionsmaybe summed,considerthe
hypergeometrictictionwri-tteninseriesform;namely,

).mip(n++n-’ -l)(m+n-2). ..(n+l)

r(m) ~
n=Q

m

_m4 d
r(m) az”_l

Ln.

{

r(a) d ~.— — .
r(m) e-l zm

()rm -~(2m+n-1)1

(
I’n+m-l3) Zn+m-1

()
rm-~ (2m+n-l)!

1
.

L al-l J

—. ___ .— — ———.. . . .. --- ~-_._ . .-
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Theintegrandcanbe recognizednowas simplythebinomialexpansion-of

{

(1- z)
l/3-m

Thusthe.expressionfor ~’1 and $12 becomes

.

[

)2
d

d&l

.1

(1- z)l/3-m(dz)~-1 (60)
~

J
z% ‘

(61)

Theintegrationsinvolvedintheaboveformulacanbe veryeasilyper-
formed.Puttingm = 1 inequation(60)yields

,tl,l”=.q+yz[lz,1-2)-2/3qz-a,. —
U+e

If’l ~ 1
=*~e + a)l/3- (e- a)l/3

>.,

—. .——__ . ..- .-. _ ____ ._~.__,----- ---- -. .-— .. . .____ _____________ ___ .__. ----
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Puttingm = 1 intoe~tion (61)yields

[ 11“(e+u)l/3-(e-a)l/3v’2,1‘~
~tting m = 2 intoequation(6o)yields

NACATN 2547

*

F
Now (e+
ferential

~)l/3 1/3and (e- u) areSep~ate solutionsofthedif-
equation.Thefunctions$’2,1 c= be co~t~ctedfrom

oftheform ~’1,1by differentiatingwithrespecttosolutions

Sucha processof successi~edifferentiationyieldsthefollowing
tionsoftheTricomiequation:

w’~= (u+ ’e)l/3

~2 _ (U+ e)l/3
a

e.
solu-

(62)

.

.

_——— .- .— —— .— . . .. . .—
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Thesefivefundamentalsolutions,togetherwiththesetwith -6
replacing(3maybe combinedto formthesolutionscorrespondingto

. m= 1 inequation(6o)and m = 1,2, 3,and4 inequation(61),

respectively.By equation(59),it isseenthat 0$’2, &’3, U5W’4,

and cr7Q’5 arealsosolutiansofthedifferentialequation.Thismay

be verifiedby substitutingthemintothedifferentialequation.

Thefunctions*2,
‘3’ $4,and $5 havethepropertythatthe

point s =Oande = O ismappedintothepointat m inthe
physicalplane.Infactthesolutionsallbecomeindeterminateatthat
point.Thus,thesesolutionsmaybe usedto constructflowshavinga

.

uniformsonicstresmat infinity.If

therealpartisconsidered,thenthe

intoinfinityinthephysicalplane.
streamfunction

e is replacedby e - ik and
g s3/2. ~ mapspO& e s O and
3

TomotikaandTamadausedthe

+ *2(e- 1ix)+ *2(-e+ W

to constructtheflowovera cuspedbodyhavinglocally
regions.

r 1 u3~@wdThe 60hti0~ utf2(-e,6)-*2(e,f3),
L

[ 1dV4(-e,f3)-vb(e)d,
constructchannelflows

Since

4 l_-

supersonic

1-*3(W,
—

1-w J’v5@3,6)- 4+,S)Jmaybe usedto
havinglocallysupersonicregions.Let

.

theappropriatesolutionsmaybewritten ‘

—. .- .-—. .--— —. -- —— __ ———.. . .
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I@ressingtherealpsrtsintermsofwhere a(’)= ~=
themagnitudesandargumentsofthecomplexquantitiesyields

.—.
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.

27
z

.

.

.

[

a3 $1- ()
1

4 l/3*
9
PI

Cos

.

,-

.

f

. .- —.——,.. .—
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If 19goesto zerothroughpositiveornegativevaluesfor

()
~ ~ 2/3 then u equalsS>2 2Yror zero,respectively.Hence

o4 /6s1/2
P1=9 andthestreamfunctionsvanishidentically.For

andthestreamfunctionsreducetonon-trivialfunctionsof s. Thus,
thestreamfunctionsinequations(63),(64),and(6o)will,yield
channelflowswithlocallysupersonicregions.It shouldbe pointed
outthatthesolutionsgivenby equation(6o)forallintegralvalues
ofm>l seemtobe reducibletotheform

‘Yin’ #m-l + 1,9)1/3

Thesolutionsforhighervaluesof m thanthosegiveninequation(62)
havea similarformandmaybe combinedto givechannelshavinglocally
supersonicregions.Itisthenapparentthatitispossibleto approxi-
matequitecloselytheflowthrougha givennozzlebytakinga sumof
thesesolutions,providingtheJacobianofthetransformationtothe
physicalplanedoesnotvanish.

Thestrea&functionsgiveninequations(63),(64),and(65)with
L = O cannotbe continuedintothesupersonicregion,since,at e = O
and s = 0, ~e and *S arebothzeroandheticetheJacobianvanishes
at thispoint.Thesesolutions,however,maybe combinedwiththe
solutioninequation(14).

BrownUniversi~
Providence,R. I.,March13,1950

.
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TABLEI.-TAEUIATIONOF S, l/q, q,~ JIP

s dq . q 1/(3 I
0.34 1.45156 0.6!3891‘ 1.27356
.26 1.35002 ● 74073 I.33361
.18 1.26118 .79291 1.39801
.16 1.24065 .80603 1.41545

.14 L 22071 .819a 1.43333

.12 1.20135 .83240 1.45175

.10 1.18252. .84565 1.47078

.08 1.16420 .85896 1.49050

.06 y;46;; . :;;3;;- 1.51096

.04 . 1.53223 .

.02 1.11200 .89928 1.55437

.00 1.09544 - .9~8 1.57744

-.02 1.07927 .92655 1.60151
-.04 1.06345 .94034 1.62666
-.06 1.04797 .95423 ‘ 1.65293
-.08 L 03282 “ .96922 1.&3042

-.10 1.01796 .98236 1.70918
-*I2 1.00339 .99662 1.73929
-.14 .98908 1.01104 1.77(!84
-.16 .97502 L 02562 1.80387

.,
-.18 .96I2o 1.04037 1.83848
-.22 .93420 1.07044 1.91318
-.27 .90152‘ 1.10924 2.01693
-.32 .86986 1.14961 2.13391
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TABLErc.-TABUIATIONOF s, s*,AND q

s

0.34
.25
.18
.16
.15

.14

.12

.10

.0!3

.06

.04

.02

.00
-.02
-.04

-.06
-.08
-.10
-.12
-.14

-.16
-.18
-.22
-.27
-.32

S*

o.2oom
.145C8
.09521
.08355
.07782

.07217

.06109

.05028

.03973

.o@14

.01939

.00958

.0000
-.00936
-.01851

-.02745
-.03619
-.04474
-.05311
-.061z9

-.06930
-.07714
-.09233
-.11046“
-.12077

%1

1.16534
1.23307
1.30080
1.31774
L 32620

1.33467
1.35160
1.36a54
1.38547
1.40240

1.41933
1.43627
1.45320
1.47013
1.48707“

1.50400
1.52093
1.53786
1.55480
1.57173

1.58866
1.60560
L 63946
1.68179
1.72@?

-
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Figure2.-

F

B

Figurel.-Localsupersonicregionson a symmetricalprofile.

Characterofflowthrougha nozzlehavinglocally
regions.Hodographplane.

supersonic

L,

I

Figure3.-

... -.

Character

——.——

offlowthrougha nozzlehavinglocallysupersonic
regions.Physicalplane,
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Figure4.-Relationbetweens and s*.
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Figure5.-Pressure-density relation.
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Figure7.-Hodographof symmetricalflowthrougha nozzlefor
so= 0.18(x=0.0509117).Dashedlinesindicatecharacteristics.
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(a) Streamlinesandconstant-velocitylines.

Figure8.-Constant-velocitylinesinphysicalplanefor
‘o= 0.18(x= o.0509u7).
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(b)Characteristics(dashedlines)andconstant-velocitylties.

Figure8.-Concltied. ,
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Figure 9.- Velocity distribution on streamlinesfor k = 0.050912.
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